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1. Introduction 



In this paper, we treat a complex Monge-Ampere type equation arsing from 
Sasakian geometry. There is a renewed interest on Sasakian manifolds recently, as 
Sasakian manifolds provide rich source of constructing new Einstein manifolds in 
odd dimensions [2] and its important role in the superstring theory in mathematical 
physics [23l [25 • Here we devote to the regularity analysis of a geodesic equation 
in the space of Sasakian metrics Ti. (definition in (II. 2p ) and some of geometric 
applications. This equation was introduced in [TH]. We believe it encodes important 
geometric information. This geodesic approach is modeled in Kahler case |m [251 
[T0l[5l[4l[2^. The (see definition[T]) regularity proved by Chen [5] for the geodesic 
equation in the space of Kahler metrics has significant geometric consequences. We 
will deduce the parallel results in Sasakian geometry. 

A Sasakian manifold (M, g) is a 2n + 1-dimensional Riemannian manifold with 
the property that the cone manifold {C{M),g) = [M x R+,r^g + cJr^) is Kahler. A 
Sasakian structure on M consists of a Reeb field ^ of unit length on M, a (1, 1) type 
tensor field <i>(A) — VxC a-nd a contact 1-form 77 (which is the dual 1-form of ^ with 
respect to g). (^, 77, $, g). $ defines a complex structure on the contact sub-bundle 
T) = ker{rj}. (P, <i>|-D, dyy) provides M a transverse Kahler structure with Kahler 
form i(i?7 and metric g^ defined by (?^(-, ■) = ^dr;(-, $•). The complexification V'^ 
of the sub-bundle V can be decomposed it into its eigenspaces with respect to $|x) 
as P*^ = T>^'^ © T)^'^ . A p-form 9 on Sasakian manifold {M,g) is called basic if 
1(^0 = 0, L^O = where «j is the contraction with the Reeb field is the Lie 

derivative with respect to ^. The exterior differential preserves basic forms. There 
is a natural splitting of the complexification of the bundle of the sheaf of germs of 
basic p- forms A^(Af) on M, 

(1.1) (M) ®C = ®^+J=p Ab' (M), 

where (M) denotes the bundle of basic forms of type («,j). Accordingly, Ob 
and Bb can be defined. Set dg = 5%/— 1(9_b — Qb) and ds — ^U^- We have 

dB — Ob + Ob, dBdg — V—^QbQb, d\ — (^b)^ = 0- Denote the space of all 
smooth basic real function on M by C^{M). Set 

(1.2) n = W^ C^{M) : 7?^ A (d,7^)" ^ 0}, 
where 

(1.3) r]^=ri + d%ip, drj^ ^ drj 
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The space Ti is contractible. For ip H, 9v) ^'^so a Sasakian struc- 

ture on M, where 

(1.4) $^ = $ - ^(g) (d^yj) o $, = id?7^ o (/c;(g) $^) + 77^ (g)?7^. 

(Cj 5v) ^'^'^ ^' 5) the same transversely holomorphic structure on 

1/(^1) and the same holomorphic structure on the cone C{M) (Proposition 4.2 in 
[2], also P ). Conversely, if (^, 77, g) is another Sasakian structure with the same 
Reeb field and the same transversely holomorphic structure on v(J-^), then [dri]B 
and [dfj]B belong to the same cohomology class in Hg^{M). There exists a unique 
basic function (e.g., [12]), G 7i up to a constant such that 

(1.5) dfj = drj + ^/~^dBdB'f>- 

If {£,,ri,^,g) and (^,77, $,5) induce the same holomorphic structure on the cone 
C(Af), then there must exist a unique function 95 g 7i up to a constant such that 
f) = rjip, ^ = <I>(^ and g = g,p- 7i encodes rich information on the Sasakian manifolds. 
We call H the space of Sasakian metrics. 

Let's briefly recall the geodesic equation in H introduced in [TO], d^^ — ^ 
{drj^p)'^ defines a measure in 7i, a Weil-Peterson metric in the space Ti can be defined 

as 



(1.6) (V'l,V'2)ip= / V"! • "02^/^1^, V-f/)!, V'2 e TTY. 

J M 

Since the tangent space TTi. can be identified as {M) , the corresponding geodesic 
equation can be expressed as 

where g^p is the Sasakian metric determined by ip. A natural connection of the 
metric can be deduced from the geodesic equation. In [19j . we proved that this 
natural connection is torsion free and compatible with the metric, there is a splitting 
Ti = Tio X M, Ho (defined in (|6.5p ) is totally geodesic and totally convex, the 
corresponding sectional curvature of Ti. is non-positive. 

A natural question raised in [19j is: given two functions ipi and ip2 in Ti., can 
they be connected by a geodesic path? 

The question is equivalent to solve a Dirichlet problem for a degenerate fully 
nonlinear equation, 

/ ^-l\dB^\l=0, MX {0,1) 
[ ip\t=i = pi 

It was discussed in [THI, when n = 1, equation p.7p is related to the corresponding 
geodesic equation introduced by Donaldson [11] for the space of volume forms on 
Riemannian manifold with fixed volume [H]. Recent work of Chen and He [5] 
implies the existence of a geodesic. The main goal of this paper is to establish 
the existence and regularity of solutions to geodesic equation (|1.7p in any dimension. 

Our first step is to reduce geodesic equation (|1.7p on to a Dirichlet problem 
of complex Monge- Ampere type equation on the Kahler cone C{M) = M x R+. 
Let ipt : M X [0, 1] — > i? be a path in the metric space Define a function ^ on 
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M — M X [1, |] C C{M) by translating time variable t to the radial variable r as 
follow, 

(1.8) i^(-,r) = (p2(.-i)(-)+41ogr. 
Setting a (1, 1) form on M by 

(1.9) n^=iJ + ^V^idd^^^ddr), 

2 or 

where lu is the fundamental form of the Kahler metric g. 

The key observation is that the Dirichlet problem (|1.7p is equivalent to the 
following Dirichlet problem of a degenerate Monge- Ampere type equation 

r (r!vO"+i = 0, Mx (1,1), 

(1.10) < V|r=l=V'l, 

The following proposition will be proved in section 2. 

Proposition 1. The path ipt connects ipo,y^i G 7i and satisfies the geodesic equation 
|j. 7| ) if and only if ip satisfies equation 11.10\) . where ip and $7^ defined as in i f_?.ff|) . 
VL.^\dc is positive and ■0|mx{i} = fpa, V'Imx{|} = +41og| . 

Equation p.lOp is degenerate. In order to solve it, we consider the following 
perturbation equation 

r = efcu^+\ M X (1, 1), 

(1.11) <^ V|r=l=V'l, 

where < e < 1 and / is a positive basic function. Also, we set the following 
approximate for p.7p 

/ i^-l\dB^\lM^{dv^r^ev^{dvr, Afx(0,l) 

(1.12) < ip\^^Q = 

Equation (|1.11[) is a degenerate elliptic complex Monge- Ampere type equation. 
The Dirichelt problem for homogeneous complex Monge- Ampere equation was ini- 
tiated by Chern-Levine-Nirenberg in ^ in connection to holomorphic norms. The 
regularity of the Dirichlet problem of the complex Monge- Ampere equation for 
strongly pseudoconvex domains in C" was proved by Caffarelli-Kohn-Nirenberg- 
Spruck in In general, C^'^ regularity is optimal for degenerate complex Monge- 
Ampere equations (e.g., [TH [Sj [18]). The goal is to get some uniform estimate 
on |l'0llc2(M) ^'^^ solutions of elliptic equation ()1.11|) independent of e. Equation 
(|l.lip differs from the standard complex Monge- Ampere equation in [31] on Kahler 
manifolds in a significant way, as involves also the first order derivative term. 
The complex Monge-Ampere equations of this type also arise naturally in other 
contexts, for example, in superstring theory studied in Fu-Yau [TJ]. We believe the 
analysis developed in this paper for equation (jl.lip will be useful to treat general 
type of complex Monge-Ampere equations. 



4 



PENGFEI GUAN AND XI ZHANG 



Definition 1. Denote C^(M) the closure of smooth function under the norm 
(1-13) M\c^(M) = ll^llci(M) +sup|AV'|. 

M 

We say ip is a solution of equation U.10\) i/ ^ e Cj(A/) such that fl^ > 
0, ^2^"*"^ = 0, a.e.. For any two points ipo,(pi £ Ti, we say ip is a geodesic segment 
connecting ipo^Lpi, if ^ defined in hl.l^) is a solution of equation hl.lO\} . 

The main result of this paper is the following a priori estimates. 

Theorem 1. For any positive basic smooth f and for any given smooth boundary 
data in Ti., there is a unique smooth solution ip to the equation U.ll\) . Moreover, 
Ip is basic and \\'iI'\\c^{m) ^ for some constant C independent of e. 

For any two function ipo, ipi G Tl, there exists a unique solution ip{t) of |i.7| j. 
Moreover, it is a limit of solutions of ip^ of equation such that ^^^+4iogr is 

positive and bounded. 

There are several geometric applications of Theorem[TJ A direct consequence of it 
is that the infinite dimensional space (7i, d) is a metric space. Theorem[T]guarantees 
the existence and uniqueness of geodesic for any two points in Ti. One can define 
the length of geodesic as the geodesic distance d between two end points and 
can verify that the geodesic minimizes length over all possible curves between 
the two end points. As another geometric application, a K. energy map : 7i R 
can be introduced as in the Kahler case. Theorem [1] implies /x is convex in Ti. As 
in the Kahler case [5] , this fact yields that the constant transversal scalar curvature 
metric (if it exists) realizes the global minimum of /C-energy if the first basic Chern 
class Ci (M) < 0. Furthermore, we will show that the constant transversal scalar 
curvature metric is unique in each basic Kahler class if Ci{M) = or Ci{M) < 0. 
The details of these geometric applications of Theorem [T] can be found in Section 6. 
We also refer [9] for the role of geodesic equation in the discussion of the uniqueness 
of constant transversal scalar curvature metric on toric Sasakian manifolds. 

The organization of the paper as follows. We derive the complex Monge- Ampere 
type equation on Kahler cone in the next section. Sections 3-5 devote to the a 
priori estimates of the equation, they are the core of this paper. The regularity 
of the geodesies will be used to prove is a metric space in section 6, along with 
other geometric applications there. The proofs of the results in section 6 are given 
in the appendix. 

2. A Complex Monge- Ampere type equation on Kahler cone 

We would like to transplant the geodesic equation (|1.7p to a Dirichlet problem 
of complex Monge-Ampere type equation (jl.lOp on the Kahler cone. Let C(M) = 
M X M+, g = dr^ + r^g, and (^, rj, g) is a Sasakian structure on the manifold M. 
The almost complex structure on C{M) defined by 

(2.1) j(^Y) = ^Y)-^{Y)r^, ^^'^^^^^ 

makes {C{M),g, J) a Kahler manifolds since (^, 77, $, g) is a Sasakian structure. In 
the following, pull back forms p*r] and p* (drj) will be also denote by rj and (i?7, where 
p : C{M) M is the projective map. It's easy to check the following lemma, the 
proof can be found in [1] and [l4] . 
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Lemma 1. The fundamental form tu of the Kdhler cone {C{M),g) can be expressed 
by 



(2.2) 



1 



r^drj + rdr A r/ = —d{r'^rj) 



-dd'^r 



As in the Kahler case, the Sasakian metric can locally be generated by a free real 
function of 2n variables [T5j. This function is a Sasakian analogue of the Kahler 
potential for the Kahler geometry. More precisely, for any point q in Af , there is 
a local basic function h and a local coordinate chart (x, z"*^, z"^, • • • , z ") e M X C" 
on a small neighborhood U around g, such that rj = dx — \/—l{hjdz^ — hjdz^) and 

g — rj ® rj + 2hijdz^dz^ , where = h^j = g§rg^- We can further assume that 
^1(9) = Oi iT-ijil) = Sj, and d{h^j)\q = 0. This can be achieved by a local change 
of coordinates through {y,u^, ■ ■ ■ ,u"), where y = x — y/—lhi{q)z^ + —lh-j{q)P 
and u'^ = z*^ for all fc = 1, - • • ,n, and a change of potential function by h* — 
h — hi{q)u'^ — hj{q)u-' . This local coordinates also be called normal coordinates on 
Sasakian manifold. 

For a normal local coordinate chart (x, z^, z^, • • • , z"), set 

(2.3) (z\ z^ • • • z", w), on [/ X R+ c C(M), where w = r + ^/^x. 

It should be pointed out that (z^, z^, • • • z", w) is not a holomorphic local coordi- 
nates of the complex manifold C (M) . Set 



(2.4) 



^3 - Jr^+g^ 

Xn+l — 2^"^ 



X 



l-#), 



= dz% 6l"+i = dr 



3 " 

Xn+l 

Irrj. 



if J. + ,r 



In this local coordinate chart, T) ® C is spanned by Xi and Xi i — 1,- 



(2.5) 



$ = 
5 = 



d_. 

dx ' 
dx — 



\{hjdz^ ~ hjdz^); 
V^{Xj (g) dz^ - Xj (g) dz-J'}; 
rj®rj + 2hijdz^dz^ , 



, n, and 



(2.6) 



= [Xi,Xj] = [Cj-'^i] = [Cj-'^i] = 0) 



{rj, dz'^ , dz^} is the dual basis of and 



(2.7) 



= 2g'^-.dz'dz^ = 2h^7,dz'dP, dr] = 2> 



-Ihf^dzJ A dz-'. 



Proposition [T] is a special case e = of the following. 

Proposition 2. T/ie pai/i (/7t connects ipo, (pi ^ H and satisfies equation for 
some e > if and only if ip satisfies equation where f = r'^ , ip and fl^ 

defined as in m.9\) . njf,\£,c is positive and4>\Mx{i} — fOj V'lMxff} ='y'i+41og| . 



Proof. For any point p, we pick a local coordinate chart (zi, • • • , z„, w) as in (|2.3 
with properties (I2.5p - ()2.7|) . It is straightforward to check that 



(2.8) 



JiX,) 



-IX, 



J{X,] 



-IX, 



J{Xn+l) — V--^Xn+l, J{Xn+l) — —^/—lXn+1- 
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{dz^ , dz^ , dr + \J —\rr], dr — ^—Irr]} is the dual basis of {Xj,Xj, Xn+i, Xn+i}- 
Let F{-, r) be a smooth function on M x M+, then we have, 

(2.9) dF = {X,F)dz' + (X„+iF)(dr - ^/^rr|), 



ddF = X.XjFdz' A dz^ + X,Xn+iFdz' A {dr - V^rrj) 
, . +Xr,+iXjF{dr + V^rij) A dz^ 
^ • ^ +Xn+iX^+iF{dr + V^rri) A {dr - \/^Trry) 

-Irrj) A {dr — \ 



-V^r{Xn+iF)drj + ^{X„+iF){dr + 
and 

(2.11) ddr = —\^^^rdri + -^{dr + y^^rr]) A {dr — y/^rrj). 



-Irrj), 



From above, \/—lddr is a positive (1, l)-form on AI x 



If -^F = 0, we have 



ddF - ^ddr = -Aw^dz' A dP + hw-&dz' A {dr 

or oz^oz^ 2 oz^or ^ 



1 d^F 



{dr 



{2.U)-"J^(^rdv + ±^{dr 



lrr,)AdP + l^{dr 



Irrj) 

Irrj) A {dr — \/—lrri) 



2 dr ' ^ ir dr 



Irry) A {dr — \/~lrri) — ^ddr 



- dz-a. 
-\&^dr 



_ 2d^dz' ^{dr~V 
lrr])Adz^ + \^{dr- 



-Irrj) 



-Irr/) A {dr 



Irrj). 



Let (fit : M X [0,1] ^ R he a, path in the metric space define a function ip 
on M = M X [1, |] C C{M) defined as in (HH). Since = 0, for defined as in 



(2.13) 



f^V = + ^^,j)dz' A dz^' + A (dr - V^r?;) 

+kS^{dr + V^rr^)Ad-z^ 

+ (i|# + ir"')(^^^ + V^rrj) A (dr - v^rry)} 
= V^r2{(/i,j + i(^,j)dz* A dzJ + ij^dz^ A (dr - V^rry) 
-Ir?;) A dz^ 
Irry) A (dr — \/— Ir?])} 



1 ^ (dr -I- 
-i|^(dr + V 



Hence 
(2.14) 



{n^r+^ = 2-"r-+^(^ - (d^^)^ 



■ ' = 2""r'^"+Mr A 77 A (dT?)" 



On the other hand, it's easy to check that 

^n+l _ 2~"^2n+l^ 

The proposition follows directly from (|2.14p . D 

We now want to choose appropriate subsolution for equation p. lip . Let ipi^ips G 
Ti be given boundary data on dM, set Vo G C°°{M) by 

(2.15) M; r) = 2(^ - r)^i(.) + 2(r - 1)V.3 (•) + ™((2(r - 1) - \f - \), 

where the positive constant m is chosen sufficiently large such that fi^^ is positive. 
Let 



(2.16) 

^1^0 = yields S/o = 0. 
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We now fix given boundary data ipi^ips G Ti.. For any positive basic function 
/, set /s = s/ + (1 — s)/o for each < s < 1. We consider the following Dirichlet 
problem 

r {f7^)"+i = /,cD"+i, MX (1,1), 

(2.17) I V|r=l=^l, 
[ V'lr=| = V'f- 

In local coordinates, (|2.17[) can be written as 

det(5„^) = fs det(.g„^), where g^^ = + ^ip^^ - ^^r^p- 

Remark 1. We note that for any _B G M, Cl-^,^Br = f^v^V' G T^- Therefore, 
we may choose /o as large as we wish by picking m sufficient large (leaving the 
boundary data unchanged at the same time). For any given f , we may assume 
fo{Z) > f{Z),yZ G M. tpo is the unique solution to the equation {2.1'!^ at s — 1. 
Also note that ipa is a subsolution of {2.17^ for each < s < 1. 

We will apply the method of continuity to solve (|2.17p . By Remark [1] we will 
assume (|2.17p has a subsolution tAq- For the simplicity of notation, we will write / 
in place of fs in (|2.17[) . We will prove the following theorem. 

Theorem 2. For any smooth basic function < / G C^(M) and basic boundary 
value tJjQ, there is a unique smooth solution ■0 which is basic. Moreover, there exists 
constant C depending only on ||/" ||c'i i(m)j IIV-'ollc^.i; cind metric g, such that 

(2.18) \mci<c. 

Theorem [T] follows from Theorem [2l 

We conclude this section with the following lemma. 

Lemma 2. Let -tjj be a solution of the equation {2.1'T^ , and is positive. If 
the boundary data of tp is basic then = on M . Moreover, the kernel of the 
linearized operator of equation 11.11]) with null boundary data is trivial. 

Proof. Choose the same local coordinates (z^, , z", w) as in (|2.3p with prop- 
erties ([231) - (|2J| . T^'°M is spanned by Xa, 9" {a = 1, ■ ■ ■ ,n + 1) defined as in 
(1^ . Set 

(2.19) = V^g^-^e" A 9^, 

where i, j — 1, • • • ,n, and a, (3 — I, ■ ■ ■ ,n + 1. ip is not assumed to be basic. We 
have 

= i\/^r2{(2/i,j + X.Xji^ + ^^)dz' A dzJ 

^XiXn+ii'dz'' A {dr - ^/^rr]) + Xn+iXj^jj{dr + ^/^rrj) A dz^ 

+ (X„+iX„+i^/^ + + _i^^||)(dr + ^rri) A {dr - V^rrj)}, 

and, 

[Xi,Xj] = — 2\/— [Xi,Xn+i] — 0, [X„+i,Xj] = 0, 

[Xn+l,Xn+l] = -^V^r-'^-i^, ^5a/3 = ~ 1 [^a. ^/s] |^)- 

Let V be the Chern connection of Hermitian metric g{-, •) = f^0(-, J-). Note that 
Wg — 0, V J — 0, and the (1, 1) part of the torsion vanishes, 

V Jf^ Xfl — \7Xf3 — [Xa , Xfs] , \/x^Xf3 + V jf^ Xa = J ( [Xa , X i^]) 
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Set uj* — ^r^p*dT] + ^rdr hr] = ^/~A^rddr and •) = J-), we have 

(2.20) Vx^Xp + Vx,X^ ^ -2r-'9:^§-^. 
It is straightforward to compute that 

(2.21) 0= ^(log(/det(g„^))) = 'l{Am + dm{2r-'~g'^^g:^^)}^ 

where A is the Laplacian of the Chern connection V. Therefore, £,ip satisfies ho- 
mogeneous hnear elhptic equation (|2.2ip with vanishing boundary data. It follows 
^■0 = 0. The last assertion of the lemma follows from the same arguments. D 

3. ESTIMATE 

This section and the next two sections will be devoted to the a priori estimates 
of solutions of equation (|2.17p . We start from C° estimate. We already have a 
subsolution to (|1.11[) . We now construct a supersolution. 

Let p be a smooth function on AI such that 

(3.1) _A,p--Agr^+n+l = 0, 

and satisfies the boundary condition p{-, 1) = ^i(-)) p{'; f ) — ^|(')- Therefore, iJjq 
and p are a subsolution and a supersolution of (|2.17p . The C° estimate is direct 

(3.2) V-o < < p. 
The next is the boundary gradient estimate. 

Lemma 3. Let ip be a solution of the equation {2.11^ and coincides with ipQ at the 
boundary dM . Then there exists a constant C* which depends only on ^pQ and the 
metric g such that 

(3.3) |^(Z)| <C*,VZeM; |d0|^(p) < C*, Vp e SM. 

Proof. Since fi^ is positive definite, if the boundary data of ip is basic, it follows 
from (Pr^ that ^ > -Ar'"^ on 17. Together with we obtain 

^(-'^^-S- a7^•'")-^(•'2) + 3• 
As mlip) = \dMl - i^? + itf. mlip) is under control. □ 
The following is the global gradient estimate. 

Proposition 3. Suppose ip is a solution of equation {2.11^ . Let (j) = tp ~ Br, 

B — supjg-|^, W = \d(l)\'^, L — supjy\4>\. There exist positive constants A and 
C depending only on L , inf^Rafj, ||/^|Ici(m)7 Ikllc^, and OSCj^^, if the 
maximum of H — e^^ is achieved at an interior point p , then 

(3.5) H{p) < C. 

Combing with Lemma there exist a positive constant Cq depending only on p, 
i'o, infj^Rfij-, ||/^|lci(M) and \\r\\c3 such that 

(3.6) \d^\1{Z)<Co, yZeM. 
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Proof. As noted in Remark [T] that for (p — t/j — Br, il^f, = fl.^p for any constant 
B. Since ^ is bounded, set B — supj^^ so that 0r < and (p satisfies the same 
equation (|2.17p . We only need to prove (|3.5p . Pick a holomorphic normal coordinate 
system centered at p such that g^^lp — Sap, dg^p\p — 0, and g^p is diagonal at p, 

where g^p = g^^ + T^ap - T^'^ap- We may assume that W{p)>l. 
Differentiate log H at p, 

(3.7) ^-Ae^-Ua^O, 
We also have 

Waa = g%(t)p(l>S + '^{\(f'Paf + |0/3a|^) + (pp<Ppaa + (f^p't^Paa, 



= {(l>p4>Po?){(l>^(t>n&) + {4>p(l>Pa){4>i)(l>va) 

+ {<Pp't>pa){<Pi)'t>r,a) + {(t>p(t>0a){(t^v(t^V&) 
= \<Pp<Ppa\'^ - [<Pp<Ppa){(kv't>ria) 

+Ae^-'t'W{(l)p<j>^^(l)a + (pnCp^-iM- 

Pick A>1 sufficient large, so that {g^Jp4>i-i4>s^^^ + ^Ag^p) > 0. Since (gap) > 0, 
by the assumption, at p, 

> F"'3(logif)„^ = F""(logff)„a 

(3.8) -Ae'^-^W-^cPpcPf^^cPa + (t>nMo.) 

+[w-\Y.pM)-w-^\Y.p<l>p<I^Pa?] 

where F"^ is the (a, /?)th cofactor of the matrix [fjap)- On the other hand, 

(3.9) = V'a^ - ^'^a^ = 2r"^(5„^ - g^-p) + "^''a^' 



^3 ;^Q^ (l>p<f>pa(l'a = (l)p(l)a{'^r '^{g^p - g^p) + pr^p), 

<Pfj't'ria(t>a = ^r^'/'a (2r^^ (5,,a - g^a ) + g^r^g) , 



= -Ar-^W-'^{(l)prp + (t)prp){gaa- gaa) 
(3.11) +2r-2W^-i(0/3g„a J + ^^ffaa,/,) 

+T/F- Vr(0/3r„a^ + 4>-pra&p) 
+W-'rUi^)p^P + i^)p<Pp) 
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and 

(3.12) +w-^r„^{{g^'^)0<l^-s^0 + (5''^ J,)^<^,<^^) 
Hence, 

= Ae^-'^2r-2(g^- -5^-) 

+2r-2W-i(<^/3ffaaJ + (t>09aa,fs) 

As F^^gaa,^ = ff} and < 0, at point p, 
> F-~^{\ogH)„-0 

+2r-2W-i((/)/3ffc.aJ + <t^p9c&,i3) 

—ir-^W-'^{(l)prp + (j>^r/3){gaa - Sea) 

> F'^^'iiglUvhW-^ + Ae^~^\r-^g^sd + Ae^-'^'ir-^g^,, + 

2W^-i</.,||r||c3 - Ar-^W—^~go,a} - 2r-2W-^ |V/|g, 
By choosing A sufficiently large, such that 

(3.13) A^r-^ - 4r-3 + 2</.,||r||c3 - 2\\r\\c^Agr > 0, 

where A depending only on r, OSC{iJjr), IkHc^ and the lower bound of the holo- 
morphic bisectional curvature of (M, g). Since {gap} is diagonal at point p, we may 
arrange 511 < • • • < 9n+ui+i- Thus, 

= det(g^^)X:„3""(5aa + |^') 

(3.14) > det(.g^^^){E„r''+5"+'"^W^} 

> det(g^^){Er=i r + + W^)} 

> (n + l)(det(5^^))^-^(l + W^)5JTT. 
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> 

(3.15)" 



Note that F°"^gaa — {n + l)f, the above inequahty yields 

> Ae^-^r-2{^^F"^"(g„a + |0aP)-lO(n+l)/}-2r-2Ty-^|V/| 
^gL-0^-2^(j)i-^yy^ _ ;^0(?i + 1)/) - 2r-^W-^\7f\ 

?-"'(/)'"^{^e^~"^(W^^ - 10(n + 1)(/)^) 
-2(n+l)M/-^|V(/)^|} 
= r-2(/)i-^{Ae^-0(iM/^iTT _ I0(n+1)/^) 
+ iAe^-'l'^W^ - 2{n+l)W-i\Vf^\)}. 

Now p.Sp foUows directly. D 

4. C^'^ Boundary estimate 

C^'^ boundary estimates will be proved in this section. The construction of 
barriers follows from B. Guan [16] (in the real case, this method was introduced 
by Hoffman- Rosenberg-Spruck [20] and Guan-Spruck in ^7\). Let tp he a. solution 
of the equation (I2.17|) . we want to obtain second derivative estimates of ij^ on the 
boundary dM = M x {1} U M x {§}. For any point p = {q,l) G M x {1} (or 
p — {q, ^) & M X {|}), we may pick a local coordinate chart as in (|2.3|) with 
properties (|2.5p - (|2.7p . Furthermore, we may assume 

1 " 

(4.1) ^S,, < K]{z) < ^|/i.|'(z) < 1, VzeC/, 

i=l 

where /i is a local real basic function, rj = dx — ^/ —\{hidz^ — hj ) , = x' + V— ly* 
and I, j = 1, • • • ,n. Now, by setting V ^ U x [1,1 + 6] {or V = U x - 6, §]), 
we have a local coordinates (r, x, z^, • • • , z") on y such that dM O V ^ {r = 1} 
(or r = I). For Xa, 6"^ defined in ([2^ . {Xi, • • • • • ■Xn,Xn+i} is a basis of 
ri'O(M), and {6*1, • • • , is the dual basis. 

The Kahler form ui of (M, 5) can be written as 

(4.2) w = V^(r2/i^.6'' A + ^r+i A r+i) = V^g^g9°' A ¥\ 
and 

= V^(.9„^ + 4^aX/37/^)r A ^'5. 

Since 2(g^^ + ^Xo,Xp%l)Q)9"6f^ is a Hermitian metric on Af , there exists a constant 
< flQ < 1 such that 

r2 - 1 _ 

(4-4) a^g^-p < g^^ + — X^X^Vo < — 5a^ 

^ 2 ao 

in M. In the neighborhood of p, we have 

1 _ - 9 1 

(4.5) -ao'5a/3 < + i^-'^^a-'^/sV'o < 7— (^a/g- 

Let be the canonical Laplacian corresponding with the Chern connection 
determined by the Hermitian metric = ^/—Ig^pO" A 9^ on M. In Kahler case, 
this canonical Lapalacian is same as the standard Levi-Civita Laplacian. In general 
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Hermitian case they are different, the difference of two Laplacian is a first order 
Unear differential operator. In the above local coordinates, 

^A^M = < \/'^ddu, ri^0 >0 

(4.6) = - < {X^Xsu)e-^ A0^ + 2(X„+iu)a(9r, 5„^6'" A >^ 

where {g)°'^g^p = Sa-y- Define differential operator L as 

f A 1 9u , 

(4.7) Lu=-A^u-- — A^r 

for aU u e C°°(M). 

We now assume fi G C^^^. This implies |V/^(Z)| < C/^(Z),VZ e M. Since 
EotUs)"'' > + 1)/"^, we have 

/ 

Let D be any locally defined constant linear first order operator (with respect to 

d _[_ d 



(4.8) M^(^) ^ C-J^^l^) < C2^(5)""(Z),VZ G M 

a = l 

rst order operatoi 

the coordinate chart we chosen) near the boundary (e.g., D — ±^,±^ for any 



1 < i < n). Differentiating both side of equation (|2.17p by D, by 

= igr'^X^X/sDi^-^o) 

= 2r-2(5)"/'i?{^X„X^(V--V'o)} 
.,q^ = 2r-^gr^D{~g^^-{g^^ + rlx^Xp{^o))} 

^ ' = 2r-2i?(log/ + logdet(g„^)) 

^2r-^{grf^D{-g^-^ + ^X„X^(^o)) 

< c'i(i+e:;;(5)"^), 

where constant Ci depend only on tpo, ||/" Hci i ^^'^ fl^c metric g. (Here we have 
used the properties that ip and tpo are basic, [D, Xn+i] ~ 0) 
Now, choose a barrier function of the form 

(4.10) v^{tP-,Po) + bip-tj:o)-N{r-lf 

if pe M X {1} (or V = (ip - tpo) + b{p - Tpo) - N{r - if p e M x {§}). 

Lemma 4. For N sufficiently large and b, Sq sufficiently small, we have 

n+1 

(4.11) Lv<^^{l + Y,{g)n 

a—l 

in U X [1, |], and v > in M x [1, 1 + Sq] (or in M x [| — (Jo, where constants 
only depend on tpQ, p, ||/"||ci.i; andg. 
Proof. By assumption, 

L(V'-V^o) = {gr^X^Xf,{i^-^o) 
(4-12) - 2r-2(.g)"/5{5„^-(5„^ + 4x„X^(V'o))} 

< 2r-^n+l~^j:ltl{9r^), 
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and 

n+l 

(4.13) L(p-Vo)<C2(l + ^(5r^) 
where constant C2 only depend on p and the metric g. Then, 

(4.14) < 2r-^{n + l-fj:lt\{9r^) + bC2{l + Elt\{9r^) 

_iAr(g)"+i"+i. 

Suppose < Ai < A2 < • • • < A„+i are eigenvalues of (gaa)- It follows that 

n+l n+l 

(4.15) E(ff)"" = E^^'' i~9r^'~' > Kli- 



a=l 



Thus 



(4.16) 



r-2f ^^ti(g)"s+ i7v(.9)"+i"+i 



2 



> r-^TE::;iA-i + i7VA;^i 

> (n + l)(r-2ffii)^iv^(Ai---A„+i)^ 



where positive constant C3 depends only on / and {M,g). Choose A'' large enough 
so that 

(4.17) -CsN^^ +2r-^{n + l) + bC2<^, 

and choose b small enough so that 6C2 < f§. Then, on ?7 x [1, |], we have 

n+l 
a=l 

By the definition of function p, 

Ag{p-y:o)-Agr-i:ip-i^,^ 
= (Agp-A^r-^p)-(Ag^o-A^r.^V'o) 

(4.18) = -Ar-^n+l + ^r'^X^X^^IJo} 

< -4r~2(„ + l)ao. 

On the boundary dM, since p coincide with V'o on the boundary, 

|i(p-Vo) = 2r^X^X0{p-^o) 
(4-19) = Ag(p-V'o)-A^r-|:(p-Vo) 

< -4r~^(n + l)ao < -ao- 

As V^o < P on M, it's easy to show that {q, 1) > and ^^^^^{q, |) > for 

every g e M. Therefore, there exists a positive constant C4 depending only on p, 
ipo and g such that p — ipo > C4{r — 1) near M x {1} and p — V'o > C'4(| ~ ^) near 
M X {|}. Prom now on we fix A'', and choose small enough so that 

(4.20) b{p - Vo) - N{r - if > (6C4 - N5){r - 1) > 0, 
in M X [1,1 + Jo], and 

(4.21) bip - Vo) - Nil - > (^<^4 - N5){1 - r) > 0, 
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in M X [| - 60, §]. Then w > in M x [1, 1 + 60] (or in Af x [| - 60, §]). □ 



Lemma 5. There exists a constant which depends only on {M,g) , ipo, ||/" Hc^'i; 
and p such that 

(4.22) |^(p)| <C5nmx(|dVI, + l) 

for every p G dM . 

Proof. Suppose p — {q, 1) (or p — {q, |)), we can choose S small enough such that 
^2^(0) = {{x, z^, z") : x^ + J2 \z'? < 4(5} C C/ and 25 < 6q. The constant 5 
depends only on {M,g) -0o and p. Let Vs — {{r,x,z^, ■ ■ ■ ,z") : (r — 1)^ + .x^ + 
ENT < <5}nMifp= (g,l) (or ^5 = {{r,x,z\--- , z") : (| - r)^ + + ^ |zf < 
6} n Af if p = (q, |)). Let A = ma.xj^{\d'ip\g + 1). Choose di,c?2 as big multiples 
of A such that ^2(5^ - !£'(■(/' - ^o)\ > 0. Consider ^ = rfiw + d2{x^ + (r - 1)^ + 
E |zf ) + i?(V' - V'o) (or ti^div + d2ix^ + (I - r)2 + E |z'|2) + D{^b - ^Ao)). Then 
/i > in (9Va- and /i(p) = 0. Moreover, we have 



n 

(4.23) L(^ |zf + (r - 1)^) = Y^Cgf + ^{g) 



~^ri+l)i+l 

2' 



= Cg)"^X^X^x^ + A^rXn+ix^ 

= -2V^x{gylh,j + 2i~gfh,hj - {jT+^h.r-^ - {gY+^^h-^r-^ 
(4.24) +i(g)"+i"+V-2 „ iy^(^)«+in+i^-2^ _^ V^(A^r)r-ix 



2 ^ 2 

= 2{gyih^hj - {g)"'+^h,r-^ - {gY'+^^ h-^r-^ + i(g)"+i"+ir-2 

< 3e:;1(3)"^- 

Choosing di large, by (|4.9p and Lemma 21 

n+l 

(4.25) < (-^di + 4d2 + Ci)(l + Y.{~g)n < 0. 

Q — 1 

The Maximum principle implies that ^ > in V5. Since fj,{p) — 0, we have 1^ > 
when p = (g, 1) (or ^ < when p = {q, |)). In other word, we can choose a 
uniform constant C5 which depending only on t/'O: P and g such that 

(4.26) .D^ip)<C,A. 

Since D is any local first order constant differential operator, by replacing D with 

—D,wc get 

(4.27) D^ip)<C,A. 
Therefore, we have 

(4.28) \^ip)\<c,A. 
for a uniform constant Ct;. D 



REGULARITY OF THE GEODESIC EQUATION IN THE SPACE OF SASAKIAN METRICS15 



Proposition 4. If is a solution of equation Ii2.17\ ) for < e < 1, then there 
exists a constant Cq which depends only on p,ipo,\\f"\\c^-^ ^'^'^ {M,g) such that 
for any unit vectors Ti, Ti on M 

(4.29) max \TiTjil,\ < Ce maxi\d^P\l + 1). 

dM M 



And specially 



(4.30) max I AgVI < Cg max(|#|? + 1). 

dM M 

Proof. We only need to get double normal derivative estimate. At point p e dM, 
choosing a local coordinates centered at p as above, equation (|2.17p reduces to 

(4.31) det(5„^ + ^X^Xpi;) = 2-(«+i)/r2", 

where g.j = ^r^Sij, g„+i7i+T = 5, g,-^ = cjn+i] = 0. Denoting = 5- + 
^XiXjipo and E'^^E^^ — Sij. By the assumption (|4.5p on the local coordinates, we 
conclude that jUoSij < Efj < jU^^Sij. Then, 

< T^iP) + \ = dei(ii;,.)-i2-("+i)/r2« 

< 2"-iao"/r2» + 4a„-i(E:Lil^P(p)) 
By Lemma [5l we may pick a uniform constant C7 such that 

^(p)|<C7m^x(M^|| 



(4.32) 



(4.33) |g(p)|<C7m_ax(M^|2 + l). 



□ 



5. Cl, ESTIMATE 



We want to establish global estimate in this section. For the standard com- 
plex Monge- Ampere equation on Kahler manifolds, a priori estimate was proved 
by Yau in independent of the gradient estimate. For equation (|2.17p . the 
gradient estimate plays a crucial role. The global estimate will depends on 
The gradient estimate on ■0 depends on ll/'^ llci. By (|4.8p . || f \\ni < 
C||/"llci.i- Therefore, we will assume HV'lIci is bounded. 

Since \/—lddr is a positive (1, 1) form, it determines a Kahler metric K on M. 
Choose a local coordinates {z^, - ■ • , z", w) as in (|2.3p on M, where {x,z^, - ■ ■ , z") 
is a local Sasakian coor dinates on M, and {X^jltl, {da}lt\ defined as m 
It's easy to check that 

y/—lddr = ^drj + ^dr A rj 

(5.1) = r^^LO—^drAr] 
= yf^rhfjO' A + \/^(4r)-i6l"+i A 

where j = 1, • • • , n. Therefore, 

(5.2) K = rg + (2r)"^dr^ - ^77 » 77 = r~^g - (2r)~Mr^ - 77, 
and 

(5.3) K^^rh^, i^_ = x„+y = 0, i^„+i;^=(4r)-i, 
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where K^p =< Xa, Xp >k- For any vector Y = V^Xa + Y^Xp, we have 
(5.4) 



(4r)-i(y"+i = (2r)-irfr(y) 

= (2r)-i < V^r,y >x, 

and 

(5.5) I- = (2r)-iV^r, 

where V^r is the gradient of r corresponding to the metric K. 
Recall 

[Xi,Xj\ = -2\/^hij — , [Xn+i,Xn+i] = ~2^~^''~^ax' 

+ Vf^X„ = ^J{[X^,Xp]). 



and 



Vl^^ = l{[Xa,X0] + y/^J{[X^,X0])). 



By above, give any smooth function ip on M, we have 

IAkV = i^«^V^#(X„,X^) 

(5.6) = K'^'^Xc.Xpip^ K^l^dipiV^^Xp) 

= if"/3x,X0(^+(n+l)d¥'(|:+y=Tr-i^), 

where isT"^ satisfies K'^'^K^p = S^^. 

We note that Agtp and A^V' are equivalent as HV'lIci is bounded. 

Lemma 6. Let ip be a smooth function on M and satisfy = 0, then 

Proof. It is straightforward to check that 

K'~^ = r-'^hfl, ^^"+1^ = 4r, Jf'^+T = Jf^+iJ = 0, 

_d_-^_ _d_ —X ■ — 



and 



(5.9) 



:(if"'^X„X0^) = ^{K-^)X^Xpij + K'-P-§-{X^Xpi;) 



-r-2/i'^X,V + 4X„+iX„+iV + K^iXiXji^ 
+K"+'n+io_^X„+iXn+ii^) 
-r-'K»('xa0i; + 2^+ K^PXMt), 



where the condition ^ip = has been used. Thus, 

|:(Ax^) = 2|:(X"^X„X^V^) + 2{n + 1)& 
= AK{^)-r-'AKi^ + 2{n+l)r-'^+4^. 
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□ 

Suppose ip is SL solution of equation (j2.17p for some < e < 1 and is positive. 
As above, let g be the Hermitian metric induced by positive (1, 1) form il^. From 
above, 

g{X^,X0) = g{X„,X0) + ^r^X^X^V- 

Thus, 

iTr^g = giX^,Xp)K^f^ 

(5.10) > g(X„+i,X^)i^"+i'3 =g(X„+i,X„+i)if"+i"+i 

= 4r(g(X„+i,X„+i) + yXn+iXn+i^) = 2r + ^r^^. 



In what follows, the Kahler metric K will be considered as the background 
metric. Let p be a point of M, choose a normal holomorphic local coordinates 
{z^,- ■ ■ ,2;"+^) centered at p, and such that K^p{p) = 5a5^ dK^p{p) = 0. By the 

definition, K^^ = r^p, and g^^ = g^p + ^V'a/s - tI^^q^- We may also assume 
that {gafj} is diagonal at the point p. For two fixed metric K and g, there exist 
two positive constant di and d2 such that 

(5.11) dig<K< d2g. 
By direct calculation, 

< 2r~^TrK~g^2r-^TrKg + AK^P^2{n+l)^ 

(5.12) < r-2-±(„ + i) + AW^-2(n+l)|^ 
< ±{n + l) + AK^P^2{n+l)^ 

Now, setting 

4 dth 

(5.13) C = 2+— (n + l) + AKV'-2(n+l)^, 

and 

(5.14) u = logC + A,\dij\l-A2ib, 

where constants Ai and A2 are chosen sufficiently large. Denoting the Chern con- 
nection of the Hermitian metric g by V, and the canonical Laplacian corresponding 
with the connection V by A. 

Lemma 7. There exist positive constants Bi, B2, and B4 depending only on 
r, maxjjldipl'j^, ||/" |Ici,i(m); metric K and metric g such that 

^Au > -lA2A^J-B2+TrgK[~Biil + C^)-in + 3)C^^ 

(5.15) -AiBs - S4 + ir'f (Ak^) + iAiif"^(^V/3 + ^V-o)] 

+ (Ai - 4(n + 1) - in2) Ea,^(5^^IV'a7l' + ff^l^a^P). 

Proof. With the local coordinates picked above, 

iAu=iA(l0gC + Ai|aV|2,-A2^) 

r5lfi) = ~g''H^ogC + A,\d^p\j,-A2^p\s 

^ ■ ' ^ ~g'''{logC\s+A,g-r'{K^Pi;^i;p)^S~A2g'''ij^s 

= C-'g'''C^5 - C-'~g'''C-fCs + A^g-'^K^^i^^i^p)^-, - Asg-^V^J- 
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At the point 



(5.17) 



C'g'^'C.s = 2C'~g'<\K-P^^-, - (n + l)f )^j 
2C^r'{K%^o.p + K-'^o.p,8 - [n + l)(f ),j}, 



= 2C'~g^'K'^n'^r-\g^, - g^,) + f 

(5.18) = K-^g'''K^ni'^r-^r^rp{g^j--g^s) 

-4?- ^r^p{g^-s - g^j) - 4r 3r„(5^jj - g^jj) 

By Lemma [6l 

2C-\9^^if"^r,,(f )„^ = lC-\Tr,K)^K{'^) 
^ - iC-i(rr,if){^(AKV^) + r-iA^.^-2(n+l)r-if -4|$}, 



It follows from equation (|2.17p . 
(5.20) 



4^-2^-i^a/3(~75g^_ J _ _ 4r-2C-ii^"^(g^^)^575- . 
4r-\-ii^"'^(/-i/a + (logdet(5^,^))„)^ 
+4r-\-'K-Pg''^,^^-^g^'g^S^^, 



and 



+A,p'^K-H'^r-\g^, - g^j) + |^r,j)„V^ 
+A^~g'^'K-f^{2r-^{~g^-, - g,j) + f r,,)^Va 

(5.21) - Aig^*X;fVa^,3 + ^ 

+i^i(rr^X)K"^((^)„V'^ + (f ),5^a) 
-4(n + l)r-3Aiif"'3(r„V,3 + V^a^/,) 

+2r-3Ai(rrg5)i^"^(r„V/3 + V'a'^^g) 
+2Air-iif"'3{[/-V„ + (logdet(g^j))„]V'^ 
+ [/-V/3 + (logdet(g^,-))^]^4 
-2Air-ig^^if«'3(^^^- + S^SjV'a) 

+A,~g-''K'^P^{r^s^rp + S5;3V^a). 

Note that TrgK > (Trx(g)) "Tt/^ " > ^C"^/^"- Together with the assumption 
/" e C^'\ we get 

(5.22) \{lf)^{Z)\ + \hz)\' <CrHz)<2C^^^^^, VZeM. 



REGULARITY OF THE GEODESIC EQUATION IN THE SPACE OF SASAKIAN METRICS19 



On the other hand, 



C^ = (AKV-2(n+l)||), 



■W'aPJSl 

= 2{if"^(V.„^^-|^r„^^)-(n+l)(f ),} 
(5.23) = 2{if"^(^^,-fr^,)„ + if"'3(f )„r,^-(n + l)(f ),} 
= 2{if"^(2r-2(g^^-g^^)„-n(f )^} 

+8r-3X"/3g^^r„-n(f). 
By the Schwarz inequahty, at point p, 

> _16(1 + a)r-4C-2(E, 5^1 

-64(1 + ^-i)r-4c-2(^^ ^77| ^^^_^|2) 

-64(1 + <7-i)r^'^C-'(Ea5aar„ra) 

-64(1 + ^-i)r-«C-'(E JE, ff^^l E„ ^a57d') 
-4(l + a-i)n\-2(^^577(M)^(M)_). 

and. 



(5.24) 



2 
aa I 



I Eq 9'ya,a\'^ — I Ec((y5^57a>a!)'\/5aa 

(5.25) < {Es9''\9,lsnE09f3§) 
= UTrK~9){Es9'r9,s,s\')- 

In turn, 

4r-\-^K-''g'<ng^_ygrig^-^^^ 

= 4r-\-iEo,.5^V'l57.-aP 

(5.26) = 4r-2C-iE^5ff^^ff''lff7Ml' 

> 8r-2(CrrKg)-iE7 5'^1Ec.ff7a,al' 

= i6r-V^(i+ ^-^^r:;^;f )E,g'^1E.g7a,aP- 
In local holoniorphic coordinates, from (j5.5p . we have 



Thus, 



(11)7 = |:(V'7) + ((20-'i^"V.)7^>5 + ((2^)-'^^%)7^r 



(5.28) = (2r)-i(K^W'7^ + iC^%V^^r) 

+ ((2r)-iif-^r,)^^^ + ((2r)-i/^-%)^Vr, 

and 

(§7)75 = {^(V'7) + ((20-'^^V)7V'^ + ((2r)-iX^'^r,jJ^^Jj 
(^OQ) = |:(M + ((20"'^"V)^S^^ + ((2r)-lif-%)^5V. 

^ ■ ^ +((2r)-iX-V.)^^,5 + ((2r)-iif-V,)^V^,,- 

+ ((2r)-ii^"V,)s^7r; + ((2r)-ii^-V^)jV7r. 
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Combining ([SAe ]) — ([OT]) . dOS]) and dOOj) . we have 



(5.30) -Aii?3rrgif + iAi(Tr^i^)i^"^[^V,| + ^V'a] 



1,1 , 



where positive constants Bi, B2, B3 depend only on r, max^g- |c?-0| , ||/"||c 
metric K and metric g. From (|5.24p . (|5.26p and (|5.28p and, we can pick a constant 
_B4 depending only on r, metric if and metric g, such that 

The lemma now follows from ([00]) and (jOTI) . □ 

We are ready to prove the following estimate. 

Proposition 5. Lei i/j be a solution of {2.11!^ for some < e < 1 with Q,^ > 0. Let 
C, be defined as in hd.lS]) . There exist constants Ai, A2 and ^3 which depend only on 
r, II/" 11(71, i(M)j ^^x-p-l?/!!, maxjy^ |c?'0|/s-, metric K and metric g, if the maximum 
value of u defined in \5.H^ is achieved at an interior point p , then u{p) < A3. 

As a consequence, for any < f G C'§(M) and basic boundary value ^pQ, there 
exists constant C depending only on ||/|Ici.i(m)j IIV'oHc^'i; metric g, such that 

(5.32) llVllcS < C. 

Proof. Since p is an interior maximum point of u, at p point, 

= 1^ 

(^■^^) - /'-i^a (Aj^-0)''+ ''''' — ^ 

-2(nVl)|#C 



C4.+A,f^{\di,\\)-A2'^ 



By (15301), 

(5.34) C > 2 + 2r-^TrK~g > 2^ 

From (|5.15p . at point p, 
> iAw 



> A2r-^Trfg-2{n + l)A2r-^ -\A2^TrgK 



-{n + 3)C-'^Tr,K 

+ ^C-HTr,K)^{AK^P) + \A,{Tr,K)K-P[^rp + ^V'o 
+ (Ai - 4(n + 1) - in2){^„ ^(ff^^l^a^P + ff'^IV'a^l')} 
(5.35) -(5i + Bi)Tr~gK - B2 - AiB^TrgK 

> ^A2TrgK-2{n+l)A2-2C-'f0TrgK 

+ {Ai - 4(n + 1) - in2){E„_^(g77|^^^|2 + g77|^^_|2)} 

-(Bi + B4)TrgK -B2- AiB^TrgK 

> (g^A2 - 1 - Bi - B4 - AiB3)TrgK ~ B2 - 2{n + 1)^2 
+ (Ai - 4(n + 1) - in2){E„,^(5"^|^a7p + 5^1V^a7p)}- 
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Pick Ai = 4(n + 1) + ^n^, A2 = |(2 + Bi + B4 + ^153)^2, the above inequality 
yields at point p, 

(5.36) TrgK < B2 + 2{n+l)A2. 

On the other hand, 

and 

2TrKg > 2r-'^TrKg 

(5.38) > 4r-2Jj(n + l) + AKV^-2(n+l)|^ 

= C-2- A(„+l)+4r-2J-(n + l) 
> C-2-^(n+l) + ^(n + l). 

Since we already have estimated IV'Ici j I'^ffV'li Tvgg and | Aj<-?/;| are all equivalent, 
bound follows directly. The proof is complete. D 

We have established bound for any smooth solution ip to the equation (|2.17p . 
For each For / > 0, equation ()2.17|) is strictly elliptic and concave. From this point, 
the theory of Evans and Krylov can be applied. In fact, with sufficient smooth 
boundary data, for a uniformly elliptic and concave fully nonlinear equation, the 
assumption of u € C^''' for some 7 > is suffice to get global C^'" regularity (e.g., 
see Theorem 7.3 in [7 ). The higher follows from the standard elliptic theory. By 
Lemma [21 the kernel of the linearized operator of (|2.17p with null boundary data is 
trivial. The linearized equation is solvable by the Fredholm alternative. Theorem 
[2] is proved following the method of continuity. 

As a consequence of Theorem [21 we obtain the first part of Theorem [T] We 
discuss the uniqueness of solutions of the Dirichlet problem ()1.10|) and prove 
the second part of Theorem [TJ 

Lemma 8. Suppose is a function defined on M with Vl^p > defined in 
m.9\) . For any S > 0, there is a function ips G C°°{M) such that 60j > il^^ > and 
IIV' ~ i'sWc^iM) < 6, where Co is the Kdhler form on AI and \\.\\q2[AI) is defined 
as in il.l3\) . 

Proof, i/j e W-C^ implies that il^ is bounded (as \\-\\cl controls the complex 
hessian). For any e > 0, set -tp^ ~ {1 — e)tp + er where r is a radial function in the 
Kahler cone M. It is obvious fi^^ > and it is also bounded. We now approximate 
ijje by a smooth function ips such that jji/'e — V'^llc^ (m) ^ It is clear that we can 
make fJ^^ > and 1$!^,^ — fi^j as small as we wish by shrinking e. D 

Lemma 9. solutions to the degenerate Monge-Ampere equation 111.10]) with 
given boundary data are unique. 

Proof. Suppose there are two such solutions ipi , ■02 with the same boundary data. 
For any < S < 1, pick any < 81,62 < S, by Lemma [U there exist two smooth 
functions -01 and -02 such that 
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in M, maxjjIV'- - < 5i and Q < f^ < 5i for i = 1, 2. Set Vl = (1 - 5)tlj[ + Sr, 
where r is the radial function on M. Since > and = 0,a.e., 

we may choose sufficient smah such that < /2i^"^^ < ^"jt^- The maximum 

principle imphes maxy(?/;']^ — '02) ^ i^9'^aA7(V'i ~ '/'2)- Thus 

niax(^/'i — "02) < max(0i — ^2) + C(5 = C(S, 

M dM 

where constant C depends only on C° norm of ipi and ip2- Interchange the role of 
■01 and 02, we have 

rnax \tpi — 02| ^ CS. 

M 

Since < (5 < 1 is arbitrary, we conclude that 0i = 02- D 
The proof of Theorem [T] is complete. 

Remark 2. One may deal with geodesic equation |j. ?| ) in the setting of transverse 
Kahler geometry. Complexifying time variable t as in \22\ 1291 110| ; one arrives a 
homogeneous complex Monge-Ampere equation in transverse Kahler setting. There 
is no problem to carry out interior estimates for this type of equation as in Kahler 
case [5] . But there is difficulty to prove the boundary regularity estimates including 
the direct gradient estimates, as the linearization of the equation is not elliptic 
(missing ^ direction). One needs to add term like to make it elliptic, this will 
cause other complications as well. Our approach via equation {2.11^ put the problem 
in the frame of elliptic complex Monge-Ampere. The analysis developed here should 
be useful to deal complex Monge-Ampere type equations in other contexts. 

6. Applications 

As in the case of the space of Kahler metrics 5,, the regularity result of the 
geodesic equation has geometric implications on the Sasakian manifold (M, 17). One 
of them is the uniqueness of transverse Kahler metric with constant scalar curvature 
in the given basic Kahler class. The discussions here are parallel to [SI. The proofs 
can be found in the Appendix. 

Let us recall the definition of the natural connection on the space Ti in [19] . 

Definition 2. Let (p{t) : [0, 1] ^ H be any path in H and let 0(i) be another basic 
function on M x [0, 1], which we regard as a vector field along the path ip{t). Define 
the covariant derivative of ip along the path ip by 

90 1 
'dt 

where <>g^ is the Riemannian inner product on co-tangent vectors to (M,g^), and 

The geodesic equation (|1.7|) can be written as 
(6.2) D^ifi^O. 

In [19], we have shown that: the connection D is compatible with the Weil-Peterson 
metric structure and torsion free; the sectional curvature of D is formally non- 
positive, Ho C H is totally geodesic and totally convex. 



(6.1) D^^ ^ — - - < dBip,dB(p >g^, 
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Let K be the space of all transverse Kahler form in the basic (1, 1) class [drj\B, 
the natural map 

(6.3) n^lC, ^^\{dr, + s/^ObBb^) 

is surjective. Normalize J^i] ^ {dr])" = 1. Define a function J : H ^ i? by 
" I r 

(6.4) J(^) = ^p^^y;^^_py_ <PV A {dvT-^ A (v^S^a^^)^ , 

Set 

(6.5) Ho = W€ H\I{v) = 0}, 
then 

(6.6) Ho^K:, ^ ^ i(dr/ + V^dBdB^), 
and 

(6.7) n^HoxR, <^ ^ (<p - I{ip),I{ip)). 

Recall for a given Sasakian structure {^,r],^,g), the exact sequence of vector 
bundles, 

(6.8) 0^ ^ TM^ i/(JPj) ^ 0, 

generates the Reeb foliation J^^ (where is the trivial line bundle generated by 
the Reeb field ^ and v{J^^) is the normal bundle of the foliation The metric 
g gives a bundle isomorphism cjg : V, where V = ker{r]} is the contact 

sub-bundle, induces a complex structure J on fiJ^^). 

(T> , ^\-Z) , dr]) give M a transverse Kahler structure with transverse Kahler form 
^dr] and transverse metric defined by 

(6.9) g'^i;-) = ldv{;^-) 
which is relate to the Sasakian metric g by 

(6.10) g = g'^ + v^v- 

For simplicity, the bundle metric cr*(/"^ still denoted by g-^. We will identify 

and V and ag = id if there is no confusion. The transverse metric g^ induces a 

transverse Levi-Civita connection on viJ^^) by 

where y is a section of V and the projection of X onto V, V is the Levi-Civita 
connection of metric g. It is easy to check that the connection satisfies 

VjF - V^X - [X, Y]P = 0, Xg^{Z, W) = g^{V\Z, W) + g^{Z, V\W), 

VX, Y G TM, Z,W G v. This means that the transverse Levi-Civita connection 
is torsion-free and metric compatible. The transverse curvature relating with the 
above transverse connection is defined by 

(6.12) i?^(y, W)Z = VlV^Z - V^V^Z - Wfy^yy^Z, 

where V,W G TM and Z gV. The transverse Ricci curvature is defined as 

(6.13) Ric'^iX, Y) =< R^iX, ei)ei, Y >g, 



(6.11) v^r = 
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where Ci is an orthonormal basis of T) and X,Y ^ T). The following is held 

(6.14) RiJ{X,Y) ^ Ric{X,Y) + 2g^{X,Y), X,YeV. 
A Sasakian metric g is said to be 77-Einstein if g satisfies 

(6.15) RiCg = \g + vrj ® rj, 

for some constants X,v R. It is equivalent to be transverse Einstein in the sense 
that 

(6.16) Ric^ = cg^, 

for certain constant c. The trace of transverse Ricci tensor is called the transverse 
scalar curvature, and which will be denoted by . 

Let p^{-, •) — Ric^{^-, •) and p — Ric^{^-, •), is called the transverse Ricci 
form. They satisfy the relation 

(6.17) p^ = p + dr]. 

p^ is a closed basic (1, 1) form and the basic cohomology class [■^p'^]b = Ci{M) is 
the basic first Chern class. The basic first Chern class of M is called positive (resp. 
negative, null ) if C;P(M) contains a positive (resp. negative, null ) representation, 
this condition is expressed by Cf (M) > (resp. Cf (M) < 0, Cf (M) = 0). 

Definition 3. A complex vector field X on a Sasakian manifold (M, ^, 77, 5) is 
called a transverse holomorphic vector field if it satisfies: 

(1) ^K,X] = 0; 

(2) J{tt{X)) = V^n{X); 

(3) tt{[Y,X]) - V^J7r([y,X]) = 0, Vy satisfying Jt:{Y) = -^/^^I{Y). 

Let ip be a basic function, then there is an unique vector field K;('0) G T{T'^M) 

satisfies: (1) ip = ^ —IrjiVrji'ip)) ; (2) Bb'^P = —^^^dr]{Vri{'ip),-). The vector field 
Vrj{il') is called the Hamiltonian vector field of ijj corresponding to the Sasakian 
structure (^, 77, <&, g) . 

With the local coordinate chart and the function h chosen as in p.Sp . the trans- 
verse Ricci form can be expressed by 

p'^ = -V^dBdB \ogdetigfj) -^-^(logdet(/i,,-))ciz^ A dz^ . 

In this setting, ViyS G Ti, we have 

r]ip = dx — y/^{{hj + ^ipj)dz^ — {hj + ^ipj)dz^); 

= yf^lYj «) dz^ - Yj ® dp}; 

g^ = rji^ri + 2{h + \ip)fjdz'-dP 

dr]^ = 2y/^{h + \(p){-jdz^ /\ dzf 

gl = 2{h+y)qdz^dzf 

pI = -V^e^(logdet((/i+i^)fe,))dz*Adz^". 
^ + ^{{h, + i^,)^ and y, = J, - V^((/.j + i^j)^. 

Remark 3. A complex vector field X on the Sasakian manifold {M,S,,ri,^,g) is 
transverse holomorphic if and only if it satisfies: 

(1) ^X - r;(X)e) = V^{X - 7^iX)0, 

(2) [X,^] = or equivalently VT{X - r]{X)^) = 0; 



(6.18) 

where y, = 
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(3) V^_^(^)^(X - 77(X)e) = 0, Vr satisfying Y - tj{Y)^ eV^ K 

In local coordinates (a;,z^,--- ,z") as in I12.3\) . the transverse holomorphic vector 
field X can be written as 



1 — 



where are local holomorphic basic functions, and (p ^ H. 

The Hamiltonian vector field Vr/^ (ip) of the basic function tp with respect to the 
Sasakian structure i^,r]v^^v^ 9v) '^"■''^ written as 



8x ^ 8zi 8z'^ dz"^ 8x' 

i=l 

where h'^^{h^p)}fj — 5]., {h^)j~j — h^.-j + \'^kj ^.^d e 7i. In general, Kj^CV") is not 
transversally holomorphic. If define dBVrj,^{ip) G r(A^^(M) (g) (z/JFj)^'°) by 

Vrii^p) is transversally holomorphic if and only if 8BVr^{^) — 0. In local coordinates 
h2.3^) . it is equivalent to 



Lemma 10. Let {M,^,ri,^, g) be a Sasakian manifold and be a real basic func- 
tion on M. Assuming that Kj^(V') is transverse holomorphic for some ip £ H, 
where Vr^^ (ip) is the Hamiltonian vector field of ip corresponding with the Sasakian 
structure r]^, g^). If the basic first Chern lass C^{M) < , then ip must be 
a constant. 



yip £ H, ^<^, ffc^) defined in (|1.3p and (|1.4p is also a Sasakian struc- 

ture on M. rjip, g^) and rj, $, g) have the same transversely holomorphic 
structure on and the same holomorphic structure on the cone C(M), and 

their transverse Kahler forms are in the same basic (1, 1) class [drjls (Proposi- 
tion 4.2 in [III ). This class is called the basic Kahler class of the Sasakian 
manifold (M, ^, 77, $, g). All these Sasakian metrics have the same volume, as 
Im "Iv ^ (dVvT = Im 'I ^ i^^'lT = 1 (e-g-. section 7 of [T]). 

Let denote the transverse Ricci form of the Sasakian structure {^,riip,^tp, g^p). 
Im Pv ^ i'^Vv)'^ ^ is independent of the choice of ip £ H (e.g., Proposition 4.4 
[H]). This means that 

g ^ Im S^jdrj^r A ^ J^2npl A jdy^r'^ A rj 
/M(rf'7^)" A77^ I,,{dr,py^ Aij 

depends only on the basic Kahler class. As in the Kahler case (see [ll]), we have 
the following lemma. 
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Lemma 11. Let Lp' and Lp" are two basic functions in Ti and ft (t G [o-,b]) be a 
path in Ti. connecting ip' and ip" . Then 

(6.20) M{f',f")^- [' [ ^t{Sl - S){di^tr M^tdt 



J a JM 

is independent of the path ipt, where ipt — -§[ft, Sj is the transverse scalar curvature 
to the Sasakian structure {^,rit,^t, gt) o,nd S is the average defined as in 116. 19\) . 
Furthermore, M satisfies the l-cocycle condition and 

(6.21) Miip' + C\ ip" + C") = Miip', ip") 
for any C",C" S M. 

In view of (|6.2ip . A4 : H x H ^ M. factors through Hq x Hq. Hence we can 
define the mapping M : K. x JC ^Rhy the identity K. = Ho 

(6.22) M{dT]',dT]") M{ip' , f"), 

where dr/' , drj" £ /C, and (p' , (p" £ Ti such that drj' — dr/ + ^/ —IdsdB'p' and dr/" = 
dri + ^^dBdsv" ■ 

Definition 4. The mapping 

(6.23) fi-.JC^R, drj* ^ ^i{dr]*) -.^ M{dr],dr]*) 

is called the IC-energy map of the transverse Kdhler class in [drj\B- The mapping 
fi : Ti ^ M, fi{ip) '■= M{0, ip) is also called by the IC-energy map of the space Ti.. 

Lemma 12. For every smooth path {ipt\a. <t< b}, we have 

where dBV^p^{}pt) = {h^i {'^t)'j)kdz^ ® in local coordinates, :'H ^M. is a convex 
function, i.e. the Hessian of fi is nonnegative everywhere onTL. 

Define 

(6.25) = {completion of H. under the norm ||.||c2 .} 

Let ipoi^i be two points in Ti, by Theorem [U there exists an unique W-C^ 
geodesic ft ■ [0, 1] ^ connecting them. 

Definition 5. Let ipQ, ipi be two points in H, and ipt ■ [0, 1] — > 6e the geodesic 
connecting these two points. The length of ipt is defined as the geodesic distance 
between ipo and ipi, i.e. 



(6.26) d{fO:'Pi) = dt^ Jjipt\^7^^,Aid7^^J". 

Theorem 3. Let C : (p{s) : [0, 1] ^ Ti. be a smooth path in Ti, and ip* £ Ti be a 
point. Then, for any s, we have 

dif*,fm < dif* , f{s)) + 4(<^(0), f{s)), 

where dc denotes the length along the curve C . In particular, we have the following 
triangle inequality 

d{f*,f{Q)) < d{f*,f{l)) + d.ifiO), f{l)). 
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Furthermore, the space {H, d) is a metric space. Moreover, the distance function is 
at least . 



The following provides a uniqueness type result for the constant transversal 
scalar curvature metric (if it exists) in the case Ci{M) < 0. 

Theorem 4. Let {M, £^,ri,^, g) be a Sasakian manifold with Ci{M) < 0. Then a 
constant scalar curvature transverse Kdhler metric, if it exists, realizes the global 
minimum of the K, energy functional in each basic Kdhler class. In addition, if 
either Ci{M) — or Cf{M) < 0, then the constant scalar curvature transverse 
Kdhler metric, if it exists, in any basic Kdhler class must be unique. 

We would also like to call attention to recent papers [551 [551 130] on the uniqueness 
of Sasakian-Einstein metrics and Sasaki-Ricci flow. 



7. Appendix 

We now provide proof of results listed in the previous section following the same 
argument as in Chen fS' , here we make use of our Theorems [1] 

Proof of Lemma IIOI By the transverse Calabi-Yau theorem in 15], there is a 
function ipo e H, such that 

(7.1) pJ = -V^as9Blogdet(gJ)<0, 

where Pq is the transverse Ricci form corresponding to the new Sasakian structure 
iijVvo^^voj 9vo)- Let Aq be the Laplacian corresponding to the metric g^g, and 
choosing a local coordinates {x,z^, ■ ■ ■ , z") as in (|2.3p . Since Vjj,^{ip) is transverse 
holomorphic, 



(7.2) 



So I _'/¥> vr y igo » 

+2gl'Vd\V^,M^\liy^^Y,) 



> 0, 



where V^^ii;)^ = V,,^{ip) ~ VvoiVn^W)^. is the projection of Vr,.Jip) to ker{r]^g}, 
and Yi ~ — Vvoi'^)'^ is a basis of {ker{ri^g}y-^ . From above inequality, we 
have ('/')^|g(, = constant. On the other hand, by Remark[31 

If V' achieve the maximum value at some point P, then l^^r;^ (V')^lgo = at P. 
Therefore dijj = 0, that is, -0 = constant. D 

Proof of Lemma llll Let (pt : [a, b] ^ H he a smooth path connecting (p' and 
ip" . Define tpisjt) — sipt G H, {s,t) e [0, 1] x [a,b]. Consider 

e = {^,s^-s)ds + i^,s^-s)dt, 

where S'^ is the transverse scalar curvature respect to the Sasakian structure 
(^,77^, ^ti>,9ip). A direct calculation yields 



(7.3) {^,D^Sl)^ - {^,D^Sl)^. 
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and 

'§t(w'^i'~^h ^ {D^^.S'^ - S)^ + {^,D^S'^)^ 

= {Da^^iS'^ - S)^ + {^,D^S'^)^ 

— myw'^^ 

Therefore, is a closed one form on [0, 1] x [a, b] . Thus, following the same discussion 
as in [3T], we have: 

b j-l 



{ifu St - S)^,dt = / ((^, S,^ - S)s^dsZJ, , 
Jo 

that is, is independent of the path (^t, and Ai satisfies 1-cocycle condi- 

tion, and it satisfies: 

M{ipo, (^i) + M{lpi,^po) = 0, 

and 

M{lpq,(Pi) +M{Lpi,ip2) +M{ip2,Vo) = 0. 
On the other hand, it's easy to check that 

From the above 1-cocycle condition, 

M{^' + C\ ^" + C")- M{ip', = M{^", if" + C") -M{^',f' + C) = 0. 
The lemma is proved. D 

Proof of Lemma ll2l Choose a local normal coordinates {x, z^, - ■ ■ , z^) as in (|2.3p 
around the point considered. We have 

D<PtSj = §iSf - \ < dBipt,dBSj ><pj 

= -\{^vtf^t -\< V^dBdB'Pt,pf 
^ ' -\ < dBSj.ds^t -\ < dB^PudBSl 

where {ht)^ — hf^ + \{ipt)ij a-nd 0;^^ — h^^ Qzidsi • From the definition of /C-energy, 

(7-5) ^^^i{ipt) ^ -{ifuSj - S)^,. 

Hence 



dt 



+ J,^ ^iptRei{[{hi\^t)Mht)sl\^rnh^'^hht'Kdrjtr A Vt 
(7.6) = -iD^,ipt,ST-S)^, 

+ Im m\^t)Mht)sMH^thUhfHdrjtr A m 

+ Im hif^H^tY.ykdz' ® ^|2^(dry0" Ar;,. 

For any (foEH and ip e C^(M), choose a smooth path {ipt] — e < t < e} in H 
such that ipt\t=a = i'- The above identity yields 

= lM-2\9BV^.i'ft)\lMvtr^Vt>0. 

□ 
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Definition 6. A smooth path ipt in the space H is called an e- approximate geodesic 
if the following holds: 

(7.8) - \\dB^\l)v^ A {dv^r - feV^{dv)\ 

where dr/^p — drj + > and < < e. 

Theoreni[l]guarantees the existence of e-approximate geodesic for any two points 

ipo,fi € H. 

Lemma 13. For any two different points ipo, fi in Ti., the geodesic distance between 
them is positive. 

Proof of Lemma I13i li ipi — (pQ = C 0, where C is a constant. Then, by 
the definition, ipt — ipo + tC is the smooth geodesic connecting ip^^ and ipi. The 
length of the geodesic is \C\, i.e. d((^o, Vi) = C* > 0. Therefore, we may assume that 
'/'i — (/Jo — (2^(</'i) —2r((po)) is not identically zero. Let bit) = (iy9o + — V'o)) ~ (v'o), 
t e [0, 1]. We compute that 



and 



Jm 



'-"W = - / lldsifi - diy{ipo + t{ipi - (fio)) < 0, 



M 



where dv{ip) = r]^ A {dr]^T. In turn, < - i(0) < i'(0). That is 



(7.9) / Lpi- LpQdv{Lpi) <I{ipi)~I{^o) < I (pi ~ ipodiy{ipo). 

JM JM 

This means that the function ipi ~ ipQ — (X((pi) — 2{(Pq)) must take both positive 
and negative values. 

Let (ft is a e-approximate geodesic between tpo and ifi . From the estimates in the 
previous sections, we can suppose that maxM^x[o,i] have an uniform bound 

independent on e. Since ip'/ > 0, 

(7.10) p'{0)<pi~po<'p'{l)- 

Let E,{t) = ^j^,j{<p'fdv^^ for any t e [0,1]. li - I{pq) > 0, set i = 1, by 



^ /vi-Vo>I(¥'i)-I(v=o)('^l - <P0 - (X((^i) - J((^o)))di^^i > 0. 

If T{ipi) — I{(Pq) < 0, the similar argument yields. 



J fi- 



ipi- (fiQ- i^ivi) - ^i'Po))dv^o > 0. 

I ipi~ipo<X{ipi)-I{(po) 

On the other hand, since (ft is an e approximate geodesic, it's easy to check that 
(7.13) \^^EM<Ce, 

where C is a uniform constant. This implies 

\E,{ti) ~ E,{t2)\ < Ce 



30 



PENGFEI GUAN AND XI ZHANG 



for any ti,<2 G [0, 1]. Thus 

(7.14) ^/ES)>e-Ce, 

where e = niin{-/^^_^^<^(^^)_j(^^)^dz.^„,/^^_^^>^(^^)_^(^^)^dz.^J > 0, and 
TT ^ ipi - ipo - (I(<y5i) - li^Po))- Therefore, 

(jl^) d(V5o,cpi) = hm,^o/o^ y/E^(t)dt 

^ ■ ^ > e > 0. 

□ 

Lemma 14. Let ipi{s) : [0, 1] Ti. {i = 0, 1) are two smooth curves in Ti. For any 
< e < 1, there exist two parameter families of smooth curves C{t, s, e) : ip{t, s, e) : 
[0, 1] X [0, 1] X (0, 1] — > 7i such that the following properties hold: 

(1) Let ^JsA^r) = ^{2ir - 1), s, e) + 41ogr e C°°(M) solving 

with boundary conditions: '0s,e(li ') = Vo{s, •) and ?/'s,£(|, •) — fi{s, ■), and 
> 0. 

(2) There exists a uniform constant C which depends only on tpo and ipi such 
that 

(3) For fixed s, let e —^ 0, the curve C(s, e) converge to the unique weak geodesic 
connecting ipo{s) and ipi{s) in the weak C^'^ topology. 

(4) Define the energy element along ip{t, s, e) G 7i as 



E{t,s,e) = / 

J A 



M St' 



dv^p(t.s,c) 



where du^p = r^ip /\ [dritpY^ . There exist a uniform constant C which inde- 
pendent of e, such that 

Proof of Lemma 1141 Everything follows from Theorem [H except \^\ < C and 



I ds 

< C. The inequalities above follow from the maximum principle directly since 



and 

where g is the Hermitian metric induced by the positive (1, l)-form fi^.D 

Proof of Theorem [3l For any e > 0, by Lemma [HI there exist two parameter 
families of smooth curves C{t,s,e) : <fi{t,s,e) £ H such that it satisfies = 
euj" or equivalently 
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(f{0,s,e) — if* and i^(l,s,e) = 'p{s)- For each s fixed, denote the length of curve 
(f{t, s, e) form ip* to ip{s) by L{s, e) , and denote the length from ip{0) to (/9(s) along 
curve C by l{s). In what follows, we assume that energy element E > (we may 
replace ^/E by V E + 6'^ and let (5 —> 0) . We compute 

~ JO as' dt)v 

_ 1 \ d (dip d0_\ ^ _ ( j~) di£ dif\ 1 

=\ds^ dthWo Jo at ' dslv 



dip dip 

^ at^ at 

' Uip _ I 



and 



Set F(s,e) = L{s,e) + l{s). By the Schwartz inequality, ''''^jil''^^ > — Ce. In turn, 
F(s, e) - F(0, e) > -Ce. Letting e -> 0, 

d{^*,^iO)) < d{ip*,^{s)) + d,{ip{Q), ^(s)). 

The triangle inequality in the Theorem can be deduced from the above inequality 
by choosing appropriate e-approximate geodesies. 

We now verify the second part of the theorem. By taking if* — </?(!) in the 
triangle inequality, we know that the geodesic distance is no greater than the length 
of any curve connecting the two end points. Then, Lemma [T3l implies that (7Y, d) is 
a metric space. We only need to show the differentiability of the distance function. 
Suppose Lp* 7^ (^(so); from (|7.18p . we have 

Let e ^ 0, it follows that 



^d{ip* ,ip{s))\s=s^ = hni }^ ^(|f' ^ 
ds ^E(\,SQ,t) OS dt 



□ 



If Cf(M) < 0, by the tr ansverse Calabi-Yau theorem in |12] , there exists if E H 
such that the transverse Ricci curvature Ric of the tranverse Kahler metric 
is nonpositive, where is induced by the Sasakian structure (^, ?7;^, y^). One 

may assume that Ri/ < if Cf (Af) < 0; and Ri/ = if Cf (M) = 0. We will 
take 7]^ as the background contact form, we write 77 for rj^. 

For any two point tpoi^i G by Theorem[l] there is an e-approximate geodesic 
(p{t) satisfies (I1.12p . We have 

(7.19) - = ^dedB logQ, 
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where and are the transverse Ricci forms of and respectively, and 
Q^^" -\\dBv'\l^. Then, 

(7-20) + /^,2ngp^A(ry^)"-iAr;^ 

Consider the /C energy map /i on 7i, we have 

(7.21) |M^(i))=-(^',^f-5)^(t). 
By Lemma [I2] and ([719]) . 

^Mv'W) = -(D^'V'',^r-5)^+/MiiaBi^r,j¥'')i^(d^tr A77i 

(7.22) = /,,i|9BK,.(9'')l'(rf'7t)"Ar;, + e5 

+ A, l^sQI^Q^H^v.)" A ry^ - Qtrg^ (ffi/)(r?^)" A 77^. 

Proof of Theorem |4l Let JC be the space of aU transverse Kahler metrics in 
the same basic Kahler class, we know K. = Tio C Ti.. Suppose (foCzTi. satisfy 
S'J^ = constant. For any point ipi G Ti., let (p{t) be an e-approximate geodesic as 
defined in (|1.12p . Since Ric^ is nonpositivc by the assumption, (|7.22p implies, 

(7.23) ^'^(^W) > -eC, 

where C is an uniform constant. On the other hand, since 5^^^ = constant, 
fM,v{t))\t=o - 0. Hence 

(7.24) ^(^(t))-M(^(0))>-ec|. 

Let t — I and e — > 0, we have fi{fi) > fi{ipo). The first part of the theorem is 
proved since ipi is arbitrary. 

Let ipo and (pi be two constant scalar curvature transverse Kahler metrics in 
the same basic Kahler class /C. By the identity between /C and TCq C Ti., we can 
consider 1^0 and (pi as two functions in H. Let {ip{t)\t £ [0, 1]} be a e-approximate 
geodesic in H and satisfies (I1.12[) . Integrating (|7.22p from t — to t — 1, 

iiK^miL, = Jo Im h\9BV,^v^'mdVtr ^Vtdt + eS 

+ I0 Im \9BQ\lQ'\v^r ^V^dt- /J Qtrg^ {mc^)W A dt. 

Since ipQ and tpi are two metrics with transverse constant scalar curvature, by (j7.5p . 

HKvitmLo = 0. (EH) and imply 

(7 26) lo lM{-2\dBV,M)\lQ-' + \dB logQ|2}(d77)" A 77di 

= J^Jj,jtrg^{Ric^)idv)-A^dt-S. 

If Ci{M) = 0, then the constant 5 = 0, by the initial assumption, Ric^ — 0. 
Consequently 

(7.27) r f {l\dBV,^{v%Q-' + \dB\ogQ\l}{dr^rAr,dt = 
Jo Jm ^ 
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This implies the Hamihonian vector field V^{lp') is transversal holomorphic. By 
Lemma IIOI ^p'{t) is constant for each t. Therefore (^o and ipi represent the same 
transverse Kahler metric. That is, there exists at most one constant scalar curvature 
transverse Kahler metric in each basic Kahler class when {M) = 0. 

If Ci{M) < 0, then Ric'" < —cg^ for some positive constant c. By (|7.26p . we 
have 

(J 28) iMihl^BV.JipXQ-^ + IdBlogQllKdr^r ^vdt 

where is a negative constant depending only the basic Kahler class. Following 
the same discussion in [S] (section 6.2), we may argue dBVip{ip') = in some weak 
sense. The following is a sketch of proof. 

From the estimates in Theorem [1] and (|5.10p , there exist an uniform positive 
constant C which independent on e, such that Q < ^p" < C . In what follows, we 
will denote C as an uniform constant under control, and set 

(7.29) = (d77)" A r;, X ^ V,,^{^') ~ ii{V^^{^'))£,. 

First we have an integral estimate on {\ < q <2) with respect to the measure 

dvdt: 

(7-30) = C J,,^^,^,^{Q'^}i ■ {'^}-U.dt 

^ C-e- /mx[o,i] trg^{g^)dvdt 0. 

The following inequality shows that vector field X is uniformly bounded in with 
respect to the measure dvdt. 



(7.31) 



< lMxlo,i]*^9A9'^)\dB^'\ld^dt < C. 
A direct calculation yields 

/mx[o,i] \dBV^(v')\ld:.dt = /^.^[^.i] \dBV^{^')\lQ-^ Q'^ di^dt 

(7.32) < {/,,,jo,]|aB^^(<p')I^Q-'rf^'^0*{/Mx[o,i]^?"^^'^^0'^ 
< C{J^i.io,i]Q^d,ydty-^ -.0. 

Therefore, \dBV^p((p')\ can be viewed as a function in L'^(M x [0, 1]). It has a weak 
limit in and it's i'' (1 < g < 2) norm tends to as e ^ 0. 

As above, let V — ker{ri} be the contact sub-bundle with respect to the Sasakian 
structure (^,7y, $,(?). Let Y E r(I?^'"). Choose local coordinates {x,z-^, ■ ■ ■ ,z^) on 
the Sasakian manifold M. For Y = Y^{-£r - vi-^)0, define BbY e r{A%\M) 
pi'O) by %^dz^ ® - One may check that 

(7.33) \dBX\g < 

(7.34) -^A'-fx[o 



/mx[o,i] Mslog^l^l^di^dt = J^j^^^^^^\dBlogQ\ldi^dt 



< ClM.io,i]\dB^ogQ\ldi.dt<C, 
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and 

, det , 1 
[ —)~ 

'Mx[0,l] detg^^ JAfx[0,l] 



(7.35) / {-^^^)-dvdt < I trg^g^dvdt < C. 



By the estimate in theorem [TJ there is c > such that e ^g- < 1. Now 



define a vector field Y by 

det (7 J 

(7.36) Y = Xe~'—^. 
We have 

(7.37) \Yl, . IXI,'0 < C. 
and 

/mx[o,i] \BBY--dB{\og'^)®Y\ldvdt 

(7.38) = /mx[o,i](I^^^I^S^)''^-^^ 

= !M.[,AV^9'^)'\dBV,y\l^d.dt 
- Chm^,i]\dBV,^^'\l^dvdt^Q 

for any < g < 2. 

Note that X, y, BbY and g^^-^ are geometric quantities which depend on e, and 
their respect Sobolev norms are uniformly bounded. We have X{e) X weakly 

in L2(m X [0, 1]), Y{e) Y weakly in L°°{M x [0, 1]) and ^^(e) ^ u weakly in 
L°°{M X [0, 1]), as e ^ 0. Furthermore, in local coordinates {x, z^, - ■ ■ , z"), since 
VjX{e) = and ^(^|^(e)) = for any e, then functions v, X^ and are all 

independent of a;, where X = X'{-^ ~ and F = ^'(^ - ?7(^)0- 

Let V ~ — logw. With the choice of c in the definition of Y in (|7.36p . w > and 
it satisfies the following two equations 

(7.39) BbY ^dBV®Y and Y = Xe'" 

in the sense of L« for any 1 < g < 2. From ([731]) , (fTMl) and (fTSS]) . we have the 
following estimates 



/ \X\l + e^ + \dBv\ldiydt<C. 

Jmx[0,1] 



Define a new sequence of vector fields X^. = Yj^i^o IT' This is well defined since 
V £ LP{M X [0, 1]) for any p > 1. It's easy to check that: 

(-7 /inA \\-^''\\'l^(Mx[OM \\-^'^ ~ ■^''\\l2(Mx[0,1]) - II"'^™IIl2(Mx[0,1]) 

< lly||2 

- 11^ IIl2(mx[04])' 

where k < m. Thus, Xk is a Cauchy sequence in L'^{M x [0, 1]) and there exists 
a strong limit Xoa in L'^{M x [0, 1]). By definition, one may check that Xoc = X 
in the sense of for any 1 < q < 2. In local coordinates {x,z^,- ■ ■ ,z") as in 
p.3p in an open set U, the functions X^ are all invariant in x direction, where 
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Xoa — Xl^{-^ — '7(^)0- For any vector valued smooth function 9 = {9^, - ■ ■ , 6*") 
supported in U x [0, 1], and any 1 < j < n, we have 

l/[/x[0,l] = |/c/x[04]Sr=l^fc 

= hmfe^oo I /,7x[04] J2t=iiXk - Xk-i)-§ir^'\ 
< limk^ooC\\Xk ~ Xk-iWL-^ = 0. 

The above impUes that component functions X'^ are weak holomorphic and x- 
invariant. That is X^o is a weak transverse holomorphic vector field for almost all 
t E [0, 1]. Recall that ||-'^oo||L2(^,f x[o,i]) < C- This implies that Xca is in L^(Af) for 
almost all t e [0, 1]. Therefore Xoo must be transverse holomorphic for almost all 
t £ [0, 1]. Since Ric^ < —cg^ for some positive constant c, by (|7.2p in lemma [TOl 
Xooit) = for those t where Xoo{t) is transverse holomorphic. Thus X = Q. We 
conclude that Lp' is constant for each t fixed. Therefore, Lp^ and Lpi differ only by a 
constant, and they represent the same transverse Kahler metric. D 
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